
is that of the univariate generalized Waring distribution with parameters a, k and ρ,

denoted by UGWD (α, k, ρ). Starting from (3), the probability generating function is,

except for the constant, the Gaussian hypergeometric function

2F1 (a, k; a+ k + ρ; z) =
∞X
r=0

(a)r (k)r
(a+ k + ρ)r

zr

r!
.

An alternative genesis of this distribution as a mixture of distributions exists. Specif-

ically, a UGWD (a, k, ρ) may be seen as (Irwin 1968)

Poisson (Λ) ∧
Λ
Gamma

µ
a,
1− P
P

¶
∧
P
Beta (ρ, k) . (4)

In fact, if the vector (X,Λ, P ) is considered and the following conditions are assumed:

• X |Λ=l,P=p; Poisson(l),

• Λ |P=p; Gamma(a, v) with v = (1− p)/p and density

la−1e−l/v

Γ (a) va
,

• P ; Beta II(ρ, k) with density

Γ (ρ+ k)

Γ (ρ)Γ (k)
pρ−1 (1− p)k−1 ,

the resulting distribution of X is the UGWD (a, k, ρ). It is known that X |P=p has a

Negative Binomial distribution with parameters a and p, so that the Beta distribution

in the mixture is the probability of the Negative Binomial distribution, related to the

increment of the variable per unit time.

As a consequence of the above, the univariate generalized Waring distribution may be

interpreted as a distribution where the probability of increasing the variable is not constant

in each individual, but is given by a random variable. Moreover, the variability of the

individuals in the population can be split into two components that are usually associated
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